
N O T A T I O N  

�9 T,  A, U, B, Q, m a t r i c e s  and vec to r s  of the appropr ia te  dimensions;  [ ] - t  sign of mat r ix  invers ion  
[ I t  sign of ma t r ix  t ransposi t ion;  X, t he rma l  conductivity; c,  heat capacity;  p, specif ic  densi ty;  e, ra t io  of 
semiaxes  of e l l ipse;  N, number  of measu remen t s  per  section; A, length of approximation section; ~ 2  d i spe r -  
sion of noise .  
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S O M E  A N A L Y T I C A L  M E T H O D S  OF  S O L V I N G  I N V E R S E  

( C O E F F I C I E N T )  P R O B L E M S  O F  H E A T - C O N D U C T I O N  T H E O R Y  

A.  A.  A l e k s a s h e n k o  UDC536.24.02 

Some analyt ical  methods a re  p resen ted  for  the de terminat ion  of thermophys ica l  p a r a m e t e r s  
without l inear iza t ion of the heat-conduct ion equation. A qualitative study of the t em p e ra tu r e  
f ields is  used.  

1. The  mathemat ica l  de sc r ip t i ono f iu t ense  h e a t - t r a n s f e r  p ro ce s se s  is connected with the necess i ty  of 
allowing for  the t e m p e r a t u r e  dependence of the the rmophys ica l  p a r a m e t e r s .  F o r  th is ,  in the one-dimensional  
case ,  the nonlinear  h e ~  conduction is  wri t ten as 

OT 0 [A(T) OT ] F OT 
c(TIv(T) O"c Ox ~x + i x  A(T)--~-x +F(x, "~, T).. (1) 

We note that until recent ly  insufficient  at tention has been paid to the mathemat ica l  side of the de t e rmina -  
t ion of the rmophys ica i  p a r a m e t e r s ,  especia l ly  to questions of the accu racy  and of the e r r o r s  which a re  in t ro -  
duced.  The complexi ty  of the de te rmina t ion  of the rmophys ica l  p a r a m e t e r s  has been aggravated by the absence 
of exact  analyt ical  solutions for  (1). It is just  these  reasons  (during the t ime which preceded  the extensive use 
of e lec t ron ic  and analog computers  and the cons idera t ion  of questions of the co r r ec tn e s s  of the solutions of in :  
ve r se  p r o b l e m s ) w h i c h  forced  inves t iga tors  to  use var ious  approximate  solutions (most often l inear ized  ones). 
In this case  nonl inear  �9  were  replaced  by p iecewise - l inea r  p a r a m e t e r s  and so forth.  The e r r o r s  
in t roduced in the p roce s s  do not yield to  analysis  in genera l  f o rm ,  which prevents  one f rom giving a re l iable  
es t imate  of the accu racy  of the p a r a m e t e r s  obtained, especia l ly  when they a re  s t rongly nonlinear .  As an i l lus -  
t ra t ion  we cite the following two examples .  As is known, one of the methods of determining p a r a m e t e r s  often 
applied in engineer ing prac t ice  is  the method of the regu la r  reg ime  of type I [1-2]. In this case  one is confined 
to one (or severa l )  t e r m s  of the s e r i e s  i n t h e  calculating equations for  the l inear ized  solutions of (1). The 
e r r o r  introduced in the p rocess  (the r ema ind e r  of the se r i es )  has usually been taken as  the e r r o r  in the de t e r -  

ru ina t ion  of the p a r a m e t e r .  In fac t ,  t he re  a r e  two kinds of e r r o r s :  those for  d i rec t  and inverse  problems [3], 
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with the la t ter  being some function of the fo rmer .  A study showed that in any t empera tu re  range under con- 
s iderat ion there  is always an interval  where the e r r o r  in the determinat ion of the coefficient of the rmal  diffu- 
sivity var ies  f rom 0 to 100% (in [3] such an interval  was equated to a lmost  two thi rds  of the t empera tu re  range 
under consideration).  The ignoring of this situation has led, in our view, to considerable understat ing of the 
e r r o r s  in the determinat ion of pa rame te r s  at the tradit ional  1-5%. The second example is connected with the  
e r roneous  concept which has become implanted in the l i te ra ture  concerning the use of calculating equations 
based on the integral  mean values of the t empera tures  instead of the local values.  This is fundamentally wrong, 
since the piecewise constant pa rame te r  obtained in the p rocess  ul t imately gives a dependence on the integral  
mean t empera tu re  r a the r  than the local values (the pa ramete r s  enter  into the heat-conduction equation as func-  
t-ions of the local values).  

Methods based on the various published solutions of (1) are  not universal ,  as a r u l e : T h e y a r e  only sui t-  
able for  weakly nonlinear p a r a m e t e r s ,  close to l inear (see the review in [4], for example).  

Methods applicable for  any form of nonlinear dependence of the p a r a m e t e r s  on the t empera tu re  a re  p ro -  
posed in the present  repor t .  

2. Henceforth we assume that the experimental ly  obtained tempera tu re  fields a re  a l ready s ta t is t ical ly  
analyzed.  

At the basis of the methods proposed below lies the qualitative study of t empera tu re  fields [5]: of a steady 
field for  an unbounded plate and of a nonsteady s e l f - s im i l a r  field for a semibounded body. Thus, in the case  of 
a steady t empera tu re  field obtained with boundary conditions of the f i r s t  kind for  an unbounded plate the follow- 
ing is valid: If the t empera tu re  field has inflection points, thenthei r  ordinates a r e  simultaneously ext remal  
points of the unknown coefficient of thermal  conductivity, dividing the range of variat ion of the t empera tu re  into 
intervals  of monotonicity;  if the t empera tu re  field is represen ted  by a convex (concave) curve then the unknown 
p a r a m e t e r  is accordingly  an increas ing (decreasing) function of the t empera tu re .  For  a s e l f - s imi l a r  regime 
the presence  of one inflection point on the graph of the t empera tu re  field indicates an inc rease  (decrease) in the 
unknown pa rame te r  in accordance  with the decrease  (increase) in the t empera tu re  field [5]. The presence  of 
two inflection points indicates an ex t remum of the unknown pa ramete r  whose absc issa  lies between the ordinates 
of the inflection points [5], etc. 

We note that when a s e l f - s imi l a r  solution 0 = 0 (~) is used in an experiment it is sufficient to have values 
of the t empera tu re  field measured  at only one point x~ at different t imes z]: T(xl, rj), which then take the form 
0 = 0 (~) with the help of a change of var iables .  The presence  of experimehtal  values of the t empera tu re  field 
at only one or  two points (in the steady case) also allows one to draw cer ta in  conclusions concerning the in-  
c rease  (decrease) of the physical  pa rame te r  and the presence  of ex t rema [5-6]. 

3. Nonsteady Self-Similar  Solutions. Let us consider  s e l f - s imi l a r  solutions of (1) for a semibounded 
body (F = 0), assuming that the source  function F(x, T, T) can be written in s e l f - s imi l a r  form,  such as 

We note that Eq.  
t ion, etc.  ). 

The boundary conditions a re  written in the form 

OT (2) F(x, T, T ) =  r  0--~" 

(2) analytically descr ibes  various phase t rans i t ions  in: par t icu lar  (crystal l izat ion,  evapora-  

T(O, "c)=T~, T(x,  0 ) = T  O , OT(oo, T) = 0 .  (3) 
Ox 

With the allowance for  the relat ions 

0 T-- To, n(r) A(O), 
TI-- To Ao 

C (T) y (T) - -  ~ (T) 

Co% 
= .  (o), (4) 

= (4a0z)-~ ao = Aoc?' V-d' 
we rewri te  the boundary problem (1)-(3) as 

- -  0' [2~ r (0) + A' (0) 0'] = A(0)  0", 

0(0 )=1 ,  0 (oo)=0 ,  O'(co)=O. 

(5) 

(6) 

(7) 
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T A B L E  1. R e s u l t s  of C a l c u l a t i o n s  by E q s .  (9)-(11) 

0 
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0,375 
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0,625 
0,750 
0,875 
1 
1,125 
1,250 
1,375 
:1,500 
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0 i 
13,850 

1,010 
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4,750 

2,100 

3,810 

9,370 

8,900 

14,000 

5 
4,540 

2,920 

2,190 

1,163 

1,316 

1,145 

1,166 

1,100 

1,130 

0 
4,620 

0,685 

0,456 

1,530 

0,076 

O, 690 

6,060 

7,270 

10,600 

I .  The  Method  of D i r e c t  I n t e g r a t i o n .  By i n t e g r a t i n g  (6) r e l a t i v e  to  the  unknown p a r a m e t e r  we obta in  

1 [ A(0*) 0' (~) u, o ] A {o) :  o' ( o , ) -  !" r {o,) ao, i8) 

( o ~ o , <  l). 

The  i n t e g r a l  in  (8) i s  c a l c u l a t e d  a p p r o x i m a t e l y .  We a s s u m e  tha t  q~{T), c (T) ,  and 7(T) a r e  known. It  i s  shown 
in  [7] t ha t  the  c o e f f i c i e n t s  of t h e r m a l  c o n d u c t i v i t y  and hea t  c a p a c i t y  cannot  be found s i m u l t a n e o u s l y  a s  i n d e p e n -  

den t  f u n c t i o n s .  

E x a m p l e .  U s i n g  F u d z i t ' s  d a t a  [8], f r o m  Eq .  (8) we f ind the  coe f f i c i en t  of t h e r m a l  c onduc t i v i t y  (~0 - 0, 

r  = 1),  wh ich  has  t he  f o r m  

A (0) = (1 - -  0.80) -~. (9) 

The  i n t e g r a l  in  (8) i s  c a l c u l a t e d  by S i m p s o n ' s  r u l e  (0.  = 0) wi th  n = 2 

and n = 4 

- -  0~ 1~ (0~) ~- 4t (0.50,) + 2.5] A{$ I )(01) = 30~ (~) 

A~'(%) = - -  01 [~(01) + 4~(0.750l) + 2~(0.50t)+4~ (0,250,) + 2.5], 

( lO)  

(11) 

w h e r e  ~ (0) = 2.5.  A c o m p a r i s o n  wi th  the  e x a c t  equa t ion  (9) showed  (see  T a b l e  1) t ha t  the  g r e a t e s t  r e l a t i v e  
e r r o r  does  not  e x c e e d  14 and 10.6%, r e s p e c t i v e l y ,  in  c a l c u l a t i o n s  by E q s .  (10) and (11); in  the  r a n g e  of 0 . 1 5 <  
0 < 0.825 the  e r r o r  d id  not  e x c e e d  4.75 and 2.92%, r e s p e c t i v e l y .  The  a c c u r a c y  of the  c a l c u l a t i o n  can be i n -  
c r e a s e d  i f  one t a k e s  a l a r g e r  n u m b e r  of po in t s  of d i v i s i o n  of the  i n t e r v a l  of i n t e g r a t i o n .  

I I .  The  Method of I n f l e c t i o n  P o i n t s .  A f t e r  t he  e s t a b l i s h m e n t  of the  i n t e r v a l s  of m o n o t o n i c i t y  of the  un -  
known p a r a m e t e r  (by the  me thod  of q u a l i t a t i v e  a n a l y s i s  [5-6] o r  by o t h e r  m e a n s )  the  e x p e r i m e n t a l  cond i t ions  
a r e  c h o s e n  s o  t h a t  t he  g r a p h  0(4) of  t he  t e m p e r a t u r e  f i e Id  has  an  i n f l e c t i o n  po in t .  Th i s  can  o c c u r  in the  two 

c a s e s  

A ' ( 0 ) > 0 ,  0 ' (~ ) '<0 ;  A ' ( 0 ) < 0 ,  0 ' ( ~ ) > 0  (12) 

(in the  l a t t e r  c a s e  i n s t e a d  of (7) we wi l l  have  0(0) = 0, 0(~) = 1,  and  0'(oo) = 0). At  the  i n f l e c t i o n  po in t ,  in a c -  

c o r d a n c e  wi th  [5-6] ,  we ob ta in  the  r e l a t i o n  

A' [0 ~ ) l  - -  2~o , (13) 
o' (~) 
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which g ives  the t angen t  of the s lope  angle  of the unknown p a r a m e t e r .  It can  be used  t o  app rox ima te  the  un-  
known p a r a m e t e r  by l i nea r  

A, (o) = A, (o) + [hj(~) - -  A, (o)l o (14) 

or  quadra t i c  

A,(0) = K02 + L0 + P (15) 

funct ions  (or s o m e  o ther  kind),  whe re  

P = A,(0); L = A, (1) - -  A, (0) - -  K; K =  A, (1) - -  A,( 0) --A',[0(~)] . 1 - -  20 (-~o) "' ( 1 6 )  

1 
0 (~0) 4 :  - -  

2 

E x a m p l e .  Le t  us find k(0) d e t e r m i n e d  in accordance with E q .  (9). Subst i tut ing the va lues  of 0(1) = 0.38, 
8'(1) = - -0 .78 ,  and 40 = 1 found f r o m  the  g r a p h  into (13); (15), and (16), we obtain Yt.(8) = 5.0982 --  1.090 + 1. A 
c o m p a r i s o n  with (9) at the points  0.25, 0.5,  and 0.75 g ives  r e l a t ive  e r r o r s  of 19, 5.6,  and 17.8%, r e s p e c t i v e l y .  

III .  The Method of "Model"  Solut ions .  As "mode l"  so lu t ions  we unde r s t and  those  so lu t ions  of (1) which 
a r e  ea s i ly  d e t e r m i n e d  and al low one to  g ive  uppe r  and lower  e s t i m a t e s  both f o r  the unknown t e m p e r a t u r e  f ie lds  
(direct  p rob lem)  and fo r  the t h e r m o p h y s i c a l  p a r a m e t e r s  ( inverse  p rob l em) .  The idea  of the method cons i s t s  
in obta ining the inequa l i t i es  

o.~, (~) ~< o (~)~ oM~ (~_), (17) 

Am (0Mi) ~-~ A (0) ~. AM_o (0~2); AMI (0m) ~ A (0) >/AM2 (0M2), (18) 

which p e r m i t  one to  g ive  e s t i m a t e s  s imu l t aneous ly  when the unknown funct ions  a r e  r ep l aced  by approx ima te  
func t ions .  Le t  us p r e s e n t  the s c h e m e  of appl ica t ion  of the method  (for want of space) .  We will show in which 
c a s e s  the inequa l i t i es  (17) and (18) o c c u r .  In the  c a s e  of s e l f - s i m i l a r  solut ions  let t h e r e  be "model"  solut ions  
of the equat ion  in the f o r m  

q~M~(0Mi; 0Mi; }) = 9~Z (i = 1, 2) (19) 

sa t i s fy ing  the boundary  condi t ions  (7). F r o m  (6) we s u b t r a c t  the e x p r e s s i o n  (19) (~(8) - 1)* with i = 2: 

A 0 " ~ ( 0 - - 0 M 2 ) " = - - 0 ' [  2~ , A'(0) 6 ' ]  
[A--~  7- A(0) - - ~ ( 0 ~ ;  0~;  ~) (20) 

I r i s  r e q u i r e d  to  s h o w t h a t  A0 _< 0, i . e . ,  0 _< 0M2. L e t u s  a s s u m e  the  opposi te ,  tha t  A8 > 0, i . e . ,  8 > 0M2. 
Then ,  with a l lowance  fo r  the  boundary  condi t ions ,  we find the point  ~ = F at which A0'(~) = 0 and 0"(~) -< 0 ( i . e . ,  
A8 has a m a x i m u m  at the point  ~ = ~). If we show that  AS" > 0 then by this  we a l so  show the absence  of a m a x i -  
m u m  and the val id i ty  of 0_0M2.  And the lower  e s t ima te  0M1 _< 0 is  obtained ana logous ly .  In the  c o u r s e  of the 
p roo f  the condi t ions  u n d e r  which the inequal i t ies  (18) a r e  val id a r e  de t e rmined .  In obta ining the  "mode l "  s o l u -  
t ions  s e v e r a l  f o r m s  of the funct ions  #oMi w e r e  cons ide red :  

~M~ = - -  0 ~  (~) [2~b~ + A' ( 0 ~ )  A -~ (0M~) 0 ~ ] ,  (21) 

q~m ---- - -  0M, (~) [2~ 7-' A' (0~,) 0M~I, (22) 

q~Mi = - -  0M,- (}) [2~ - -  A ~ (0Mi) A -I (0M~) 0Mi]. (23) 

Thus, the "model" solutions for (21) with the conditions 0(0) = 0, 0(~) = 1, 0'(oo) = 0, and (7) are  written 

0 M i  0 

( ;  A(o).0)(t A(0).o)-' = er eV  , 
1 I 

OMi 0 

( f  A(0) .o)(f  A(0)d0)-I = erfr 0; . ,<o 
1 1 

* This  condi t ion  is e a s i l y  obtained by an e l e m e n t a r y  change of v a r i a b l e s .  
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E v e n  s i m p l e r  m o d e l  s o l u t i o n s  a r e  obta ined wi th  

~M~ = (B~ - -  2~) 0 ~ ,  

in  the  f o r m  

q~M = a~ (0~) 2 (24) 

0Mi erfc (~ - -  0.5 Bt) 2 = , 0 M = - -  arctg~. (25) 
erfc ( - -  0.5 B3 

If one is unable to find "model" solutions for  the experimental  values of the field obtained (or ra ther ,  if those 
available give a large  e r ro r )  then one must  substitute a l inear ,  parabol ic ,  or some other approximating func- 
tion of the u ~ o w n  p a r a m e t e r  into (21)-(23) in o rde r  to be sure  of obtaining the required degree of accuracy  
using the inequalities (17) and (18). Sometimes it is expedient to combine "model" solutions,  taking solutions 
with different ~0Mi for  the upper and lower es t imates .  

Example.  Let 0' > 0; i.  e . ,  the conditions cited above a re  valid. If the approximating function is taken 
in the fo rm (14) with A(0) = 0.25 and A(1) = 1 then for the ease (23) we obtain the solution in the form 0M2 = 
(--1 + ~/ 1 + 15 er f~) .  A s t h e  lower es t imate  we take the solutions (24) and (25). The maximum e r r o r  reaches  

28.3% at ~ = 0. 

4. Steady Solutions. By analogy with Sec. 3, all  the enumerated methods are  a lso effective in the case 

of steady solutions of (1), which we rewri te  as  

Or (X) = - -  0r (X) X -  ' A-1 (Or) I r A  (Or) "- XA'  (Or) 0rl - -  A - ,  (Or) F .  (X, Or), (26) 

w h e r e  

The bcamdary conditions a re  

0 r 
T r - - T 2 r  , X =  x _ ,  A(Or)= - -  
T i t -  T~r R 

F Ao(rir-- T2r) 
F. = ---~, F o 

t" o R2 

A(Tr) 

Ao (27) 

0 r ( b ) =  1, 0 r ( C ) = 0 ,  0 r < 0  ( c > b )  (28) 

o r  

Or.(b) = O, Or(c) = 1, 0 r > 0 ,  Or = ( T r - -  Tlr) (T2r - -  T,r) -1. (29) 

I. The Method of Direct  Integrat ion.  In each interval  of monotonicity of the coefficient of thermal  con- 
ductivity we have the calculat ing equation [by integrat ing (26)] 

0 

A(0r) = X - '  [0 ' ] - '  {A (0,).0' (X.)  X r - -  [ F,(0, X)X  r dX} .  
O, 

(3o) 

H. The Method of Inflection Points.  F r o m  (26) (with F ,  -= 0) it follows that inflection points are  possible 

for 

A'(Or)>0 ,  0 r < 0 ;  A ' ( 0 r ) < 0 ,  O~>0.  

The condition (31) is only neces sa ry  but not sufficient for  the presence  of inflection points.  

of the inflection point [X0; 0(X0)] we have the relat ion 

/'A [Or (Xo)] + XoA' [Or (Xo)l '0r (X o) = O, 

analogous to (13). Approximating functions can also be sought in the form of (14)-(16). 

(31) 

In the presence  

HI. The Method of "Model N Solutions. We note that inequalities of the type of (17) and (18) are  also 
analyzed for  steady solutions (only ~ is replaced by X) and the proofs a re  ca r r i ed  out analogously.  For  example,  
one can ta.ke the appropr ia te  l inear  dependence of the p a r a m e t e r  on the t empera tu re  as the "model" solutions: 

I 
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In the case  of concavity of the graph of the unknown pa rame te r  

in the case of convexity 

O= 

1 - - t $  

A (0) ---- A (0) {1 -F[--1  -i-[3 " 10} ; 
l - - n  I - - n  1 

1 - - [3  -~- 

0 = 

1 

A(O) = A(0){1 + [-- l -~- [~-nl O } " ; 

- - ( ~ ) "  

1 .  

2. 

3 ,  

4. 

5 t  

6. 
7. 
8. 
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C O N S T R U C T I O N  O F  A R E G U L A R I Z E D  S O L U T I O N  TO 

ONE I N V E R S E  t t E A T - C O N D U C T I O N  P R O B L E M  W I T H  

R A N D O M  E R R O R S  IN T H E  I N I T I A L  D A T A  

Y u .  E .  V o s k o b o i n i k o v  a n d  Y a .  Y a .  T o m s o n s  UDC 536.24.01 

An analysis  is made of the s ta t is t ical  cr i ter ion for  the choice of a regulation pa ramete r  
in the reconstruct ion of the heat flux at the surface of a body from the tempera ture  inside 
the body measured with a random e r r o r .  

1. The determination of the heat flux at the surface of a body from the tempera ture  field measured  in- 
side the body is a very  common inverse  boundary problem of heat conduction in the analysis of experimental  
resul ts  [1]. 

Let us consider  an infinite plate xxdth a thickness d which is thermal ly  insulated on one side. The t e m -  
pera ture  field t(x, T) at a depth x produced by a variable heat flux g(T) entering through the boundary x = d is 
determined by the integral  equation [2] 

T 
j h(x, el; z, z~)g(T~)ci~ == t(x, T), (1) 
0 

where h(x, d; T, Tf) is the Green function for a plate of finite thickness.  In the case of a nonzero initial t em-  
pera ture  distribution t(~, 0) the right side of (1) is written in the form [2] 
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